MOST ODD-DEGREE BINARY FORMS FAIL TO
PRIMITIVELY REPRESENT A SQUARE

ASHVIN A. SWAMINATHAN

ABSTRACT. Let F' be a separable integral binary form of odd degree N > 5. A result of Darmon
and Granville known as “Faltings plus epsilon” implies that the degree-N superelliptic equation
y? = F(z, z) has finitely many primitive integer solutions. In this paper, we consider the family
Fn(fo) of degree-N superelliptic equations with fixed leading coefficient fo € Z ~ £Z?, ordered
by height. For every sufficiently large N, we prove that among equations in the family Fn(fo),
more than 74.9% are insoluble, and more than 71.8% are everywhere locally soluble but fail the
Hasse principle due to the Brauer—-Manin obstruction. We further show that these proportions
rise to at least 99.9% and 96.7%, respectively, when fo has sufficiently many prime divisors of odd
multiplicity. Our result can be viewed as a strong asymptotic form of “Faltings plus epsilon” for
superelliptic equations and constitutes an analogue of Bhargava’s result that most hyperelliptic
curves over (Q have no rational points.

1. INTRODUCTION

Let F' be a separable integral binary form of degree N > 5. When N = 2n is even, the
subscheme Cp of the weighted projective plane Pé(l, n,1) cut out by the equation y? = F(x, 2)
is known as a hyperelliptic curve, and by Faltings’ Theorem (see [Fal83, Satz 7]), the curve Cp
has only finitely many rational points. In [Bhal3, Theorem 1|, Bhargava established the following
“strong asymptotic form” of Faltings’ Theorem for hyperelliptic curves: when integral binary N-ic
forms are ordered by height, the density of forms F' such that the curve C'r has a rational point is
0(27™). In other words, most even-degree binary forms fail to represent a square.

When N = 2n + 1 is odd, the equation y? = F(z, 2) is called superelliptic. In contrast with
the case of hyperelliptic curves, the problem of studying rational solutions to superelliptic equations
is trivial: given any pair (z9,20) € Q?, the triple
(1) (x,y,2) = (0 - F(z0,20), F (20, 20)" ", 20 - F(x0,20)) € Q°
is a solution to the equation y? = F(z, z), and in fact, the subscheme S C JP’?@(Q, 2n+1,2) cut out
by this equation is isomorphic to P(b. On the other hand, the problem of studying primitive integer
solutions — triples (o, yo, 20) € Z> such that y3 = F(z0, 20) and ged(wo, 20) = 1 — is considerably
more interesting. For instance, a result of Darmon and Granville states that 42 = F(x, z) has only
finitely many primitive integer solutions (see [DG95, Theorem 1’]). Given this analogue of Faltings’
Theorem, it is natural to expect that an analogue of Bhargava’s strong asymptotic form holds for

primitive integer solutions to superelliptic equations. The purpose of this paper is to prove this
expectation, i.e., that most integral odd-degree binary forms fail to primitively represent a square.

1.1. Superelliptic Stacky Curves. In the rest of the paper, it will be convenient to reinterpret
primitive integer solutions to the superelliptic equation y? = F(z, z) as integral points on a certain
stacky curve, which we denote by Sg and define as follows. Consider the punctured affine surface

(2) Sp=V(y® = F(x,2)) € A7~ {(0,0,0)}.

The group G, acts by scaling on Sp via A+ (0, yo, 20) = (A2-2g, A2 Ly9, A2-29). The map Sp — Pl
defined by (z,y,2) — [z : z] is G,,-equivariant, and the field of G,-invariant rational functions on
S is generated by x/z, so the scheme quotient Sg/G,, is isomorphic to IP’%. The associated stack
quotient Sp := [Sp/Gy,] is a stacky curve with coarse moduli space PL. The Gy,-action on Sy has
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2 ASHVIN A. SWAMINATHAN
a nontrivial stabilizer isomorphic to the group scheme ps if and only if y = 0, so S has a “%—point”
at each of the 2n + 1 distinct roots of F' over the algebraic closure.

Let R be a principal ideal domain. We say that a triple (zo, yo, 20) is R-primitive if we have
Rxo + Rzg = R. The set of R-primitive solutions to y? = F(z, z) is readily seen to be in bijection
with the set §F(R) of morphisms Spec R — Sp (i.e., R-points of §F), which in turn corresponds
bijectively with the set Sp(R): indeed, specifying a map Spec R — Sp is definitionally equivalent to
specifying a map L — S =, where L is a torsor of Spec R by G,,, but Spec R has no nontrivial G,,-
torsors. In what follows, we abuse notation by writing Sp(R) for the set of R-primitive solutions
to y? = F(x, 2), regardless of whether F is separable.

1.2. Main Results. Our results concern families of superelliptic equations y? = F(z, z) of degree
2n + 1 > 3 having fixed leading coefficient fy := F(1,0) € Z ~ {0}. Suppose that |fy| is not a
square, let | fo| = m?k, where m, k € Z and « is squarefree, and define the following quantities:

. L p—1 I 1
=TT (o 2t ) e =TT (1- )

plx plx

For a Z-algebra R, we write Fop4+1(fo, R) C R[z,z| for the set of binary forms of degree 2n + 1
with leading coefficient equal to fp; when R = Z, we abbreviate Fa,11(f0,Z) as Font1(fo). For
simplicity, we sometimes write Fa,+1(fo) to mean the family of superelliptic equations or su-
perelliptic stacky curves defined by the forms in Fo,y1(fo). The height H(F') of a binary form
F(x,z) = 212:3“1 fix? =2t € Fo, 1 (fo) is defined as follows

H(F) == max{|fo1 ;|0 =1, 2n 4 1.

With this setup, we prove the following analogue for superelliptic stacky curves of [Bhal3, Theo-
rem 1]:

Theorem 1. For every sufficiently large n, most superelliptic stacky curves in the family Fon+1(fo)
have no primitive integer solutions. More precisely:

(a) Suppose 21 fo. For everyn > 5, a positive proportion of forms F' € Fap11(fo), when ordered by
height, have the property that Sp(Z) = @. Moreover, the lower density of forms F € Fan11(fo)
such that Sp(Z) = @ is at least 1 — pgy + 0(27").

(b) Suppose 2 | fo. The lower density of forms F € Fopi1(fo) such that Sp(Z) = & is at least
1 — pgy + O(2751") for some real numbers £1,e2 > 0.

As shown in Table 1, the quantity 1 — p1z, — which by Theorem 1 constitutes a lower bound
on the density of insoluble equations in Fo,41(fo) in the large-n limit — rapidly approaches 1 as
the number of prime factors of k grows. Furthermore, the method used to prove Theorem 1 can be
easily adapted to obtain a similar result when the family Fo,11(fo) is replaced by any subfamily
defined by congruence conditions modulo finitely many prime powers.

Note that Theorem 1 is subject to the condition that |fp| is not a square. When |fp]| is
a square, every form F € Fo,.1(fo) is such that y> = F(x,2) has a trivial solution, namely
(z,y, z) = (sign(fo), \/W, 0). We expect that for most F € Fa,11(fo), the equation y? = F(x, 2)
has no solutions other than the trivial one. The presence of the trivial solution renders this ex-
pectation difficult to prove: e.g., to obtain the analogous result for rational points on monic odd-
degree hyperelliptic curves, Poonen and Stoll [PS14] combined work of Bhargava and Gross [BG13]
on equidistribution of the 2-Selmer elements of the Jacobians of these curves with a variant of
Chabauty’s method (cf. [SW18], in which Shankar and Wang treat the even-degree case, as well
as the work of Thorne and Romano [RT21] and Laga [Lag21], which prove similar theorems for
certain families of non-hyperelliptic curves). To the author’s knowledge, analogues of the notion of
Selmer group and of Chabauty’s method remain to be formulated for superelliptic stacky curves.
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{plx}>o {2y | 88y | {5F [ {23} {25} {37} | {237}
lim, oo 1 — fig, > | 75.0% | 88.8% | 96.0% | 97.2% | 99.0% | 99.7% | 99.9%

limnﬂooﬂlfo_ﬂfoz 71.8% | 88.8% | 95.9% | 94.0% | 95.8% | 99.7% | 96.7%

TABLE 1. A table demonstrating the strength of the limiting lower bounds
limp,—oo 1 — pg, (vesp., lim, oo u}o — pg,) on the density of insoluble superellip-
tic equations given by Theorem 1 (resp., on the density of superelliptic equations
having a Brauer—-Manin obstruction to solubility given by Theorem 2).

In the course of proving Theorem 1, we actually prove the stronger statement that most
superelliptic stacky curves have a 2-descent obstruction to having an integral point. Since these
stacky curves typically have integral points everywhere locally, it follows that most of them fail
the Hasse principle (i.e., do not have a Z-point despite having a Z,-point for every place v of
Q) due to a 2-descent obstruction. Upon showing that such a 2-descent obstruction yields a case
of the Brauer—Manin obstruction, we obtain the following analogue for superelliptic stacky curves
of [Bhal3, Corollary 4]" (see also the work of Thorne [Thol5] and Thorne and Romano [RT18],
which prove similar theorems for certain families of non-hyperelliptic curves):

Theorem 2. The lower density of forms F € Foni1(fo), when ordered by height, such that
the stacky curve Sp fails the Hasse principle due to the Brauer—Manin obstruction is at least
Wy, = hfy +0(27") if 24 fo and is at least p'y — pg, + O(2751"°%) for some e1,e2 > 0 if 2| fo.

The proportion '“/fo — [tf,, which can be thought of as a lower bound on the density of
superelliptic equations with leading coefficient fy having a Brauer—Manin obstruction to solubility
in the large-n limit, approaches &~ 96.7% as the number of prime factors of k grows; see Table 1.

The genus of a stacky curve can be defined in terms of the Euler characteristic of an orbifold
curve; see [Dar97, section entitled “Orbifolds, and the topology of M-curves”]. In [BP19], Bhargava
and Poonen prove that all (suitably defined) stacky curves S of genus less than % over Z satisfy
the Hasse principle; i.e., if S(R) # @ and S(Z,) # @ for every prime p € Z, then S(Z) # @. On
the other hand, there is no guarantee that a stacky curve of genus at least % satisfies the Hasse
principle: indeed, for any separable integral binary form F' of degree 2n + 1 > 3, the genus of the
associated stacky curve Sg is given by 2”: L %, and Theorem 2 demonstrates that these stacky

curves often fail the Hasse principle.

1.3. Method of Proof. Our strategy is to transform the problem of counting soluble superelliptic
equations into one of counting integral orbits of a certain representation by devising a suitable orbit
construction. In §3, we prove that elements of Sp(Z) naturally give rise to certain square roots of
the ideal class of the inverse different of a ring Rp associated to the form F'. Via a parametrization
that we introduced in [Swa21], these square roots correspond to certain integral orbits for the action
of the split odd special orthogonal group G on a space V of self-adjoint operators T, where the
characteristic polynomial of T" is equal to the monicized form Fpon(x,1) := % - F(z, foz).

The parametrization in [Swa2l] is explicitly leading-coefficient-dependent and is thus par-
ticularly well-suited for applications concerning binary forms with fixed leading coefficient. By
generalizing an equidistribution argument that we developed in joint work with Bhargava and
Shankar (see [BSS21], where we used the very same parametrization to determine the second mo-
ment of the size of the 2-Selmer group of elliptic curves), one can average the bounds in Theorems 1
and 2 over all leading coefficients and thus deduce analogues of these theorems for the full family of
superelliptic equations of given degree. In this paper, we fix the leading coefficient for two reasons:
doing so simplifies the orbit-counting and allows us to prove a stronger result, that within each

IThe proof of [Bhal3, Corollary 4] has a gap; see Remark 12, where we explain how a certain step in the proof of
Theorem 2 may be modified to obtain a complete proof of [Bhal3, Corollary 4].
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thin subfamily of superelliptic equations with fixed leading coefficient, most members fail the Hasse
principle.

In §2, we discuss the representation of G on V, the orbits of which also correspond to 2-Selmer
elements of the Jacobians of monic odd-degree hyperelliptic curves (see the work of Bhargava and
Gross [BG13]), we define the ring Rp, and we recall the parametrization from [Swa21]. In §4, we
bound the p-adic density of the set of elements in V(Z,) that arise from Z,-primitive solutions
via the orbit construction in §3 for each prime p. In §5, we prove Theorem 1 by combining these
density bounds with orbit-counting results of Bhargava and Gross (see [BG13, §10]). Finally, in
86, we define the notions of 2-descent obstruction and Brauer—-Manin obstruction for superelliptic
stacky curves, and we prove Theorem 2.

2. ALGEBRAIC PRELIMINARIES

In this section, we recall several algebraic notions that feature in our construction of orbits
from integral points on superelliptic stacky curves. We begin in §2.1 by introducing the represen-
tation of G on V. Then, in §2.2, we define the ring Rp associated to a binary form F, and in §2.3,
we recall a parametrization from [Swa2l] of square roots of the ideal class of the inverse different
of Rr. We finish in §2.4 by describing the parametrization over fields.

2.1. A Representation of the Split Odd Special Orthogonal Group. Let W be the Z-lattice
of rank 2n + 1 equipped with a nondegenerate symmetric bilinear form [—, —]: W x W — Z that
has signature (n + 1,n) after extending scalars to R. By [Ser73, Chapter V]), the lattice W is
unique up to isomorphism over Z, and there is a Z-basis

(3) W =7Z(e1,...,en,u, €, ... €0

such that [e;, ;] = [e}, €}] = [ei,u]l = [e],u] = 0, [e;, €]] = d;5, and [u,u] = 1 for all relevant pairs
(7,7). We denote by Ay the matrix of [—, —| with respect to the basis (3).

For a Z-algebra R, let Wgr := W ®7z R. For a field k of characteristic not equal to 2, the
k-vector space Wy equipped with the bilinear form [—, —] is called the split orthogonal space of
dimension 2n + 1 and determinant (—1)" over k and is unique up to k-isomorphism [MH73, §6].
The space Wy, is called “split” because it is a nondegenerate quadratic space containing a maximal
isotropic subspace (defined over k) for the bilinear form [—, —].

Let T € Endg(Wg). Recall that the adjoint transformation T? € Endp(Wg) of T with

respect to the form [—, —] is determined by the formula [Tw,w] = [v, TTw] for all v,w € Wg, and
that T is said to be self-adjoint if T = T1. If T is expressed as a matrix with respect to the
basis (3), then T is self-adjoint with respect to the form [—, —] if and only if 77 Ay = AgT.

Let V be the affine space defined over SpecZ whose R-points are given by
V(R) ={T € Endg(Wg): T =T"}

for any Z-algebra R. An R-automorphism g € Autr(Wg) is called orthogonal with respect to the
form [—, —] if [g(v), g(w)] = [v,w] for all v,w € Wg. If g is expressed as a matrix with respect to
the basis (3), then g is orthogonal with respect to the form [—, —] if and only if g7 Agg = Ap. Let
G := SO(W) be the group scheme defined over Spec Z whose R-points are given by

G(R) = {g € Autr(Wg) : g is orthogonal with respect to [—, —| and detg =1}

for any Z-algebra R. The group scheme G is known as the split odd special orthogonal group of
the lattice W, and it acts on V by conjugation: for g € G(R) and T' € V(R), the map gTg~ ! €
Endg(Wg) is readily checked to be self-adjoint with respect to [—, —] and is therefore an element
of V(R). We thus obtain a linear representation G — GL(V) of dimension dim V' = 2n? 4 3n + 1.
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Since G acts on V' by conjugation, the characteristic polynomial

2n+1
ch(T) := det(z - id =T) = 2®"*' + Y~ 2”77 € R[a]
i=1
is invariant under the action of G(R) for each T' € V(R). In fact, by [Bou75, §8.3, part (VI) of
§13.2], the coefficients ¢y, . . ., can+1, which have respective degrees 1,...,2n+ 1, freely generate the

ring of G-invariant functions on V.

2.2. Rings Associated to Binary Forms. For the rest of §2, let R be a principal ideal domain
(we typically take R to be Z, Q, Z,, Z/pZ, or Q,, where p € Z is a prime), and let k be the fraction
field of R. Let n > 1, and let

2n+1 o
F(z,z) = Z fix®" T € Rz, 2]
=0

be a separable binary form of degree 2n + 1 with leading coefficient fy € R~ {0}.
Consider the étale k-algebra

Kp = k[z]/(F(x,1)).
Let 6 denote the image of z in Kp. For each ¢ € {1,...,2n}, let p; be the polynomial defined by

i—1
pit) == fit,
=0

and let ¢; := p;(#). To the binary form F, there is a naturally associated free R-submodule
Rp C Kp having rank 2n + 1 and R-basis given by

(4) RF = R<1aC17C27"'7C21’L>-

The module Rp is of significant interest in its own right and has been studied extensively in the
literature. In [BM72, proof of Lemma 3|, Birch and Merriman proved that the discriminant of F
is equal to the discriminant of Rp, and in [Nak89, Proposition 1.1], Nakagawa proved that Rp is
actually a ring (and hence an order in Kr) having multiplication table

min{i+j,2n+1} i
(5) GG= >, fiirGe— > Jitj—kCh>
k=j+1 k=max{i+j—(2n+1),1}
where 1 < i < j < 2n and we take (p = 1 and (2,41 = — fan+1 for the sake of convenience. (To be

clear, these results of Nakagawa are stated for the case of irreducible F', but as noted in [Wooll,
§2.1], their proofs continue to hold when F' is not irreducible.)

Also contained in Kp is a natural family of free R-submodules I7. of rank 2n + 1 for each
j €{0,...,2n}, having R-basis given by

(6) o= R(1,0,....07 Cjs1,- -, Con)-

Note that I% = Rp is the unit ideal. By [Wooll, Proposition A.1], each I% is an Rp-module and
hence a fractional ideal of Rp; moreover, the notation I % makes sense, because I % is equal to the
§* power of I. By [Wooll, Proposition A.4], the fractional ideals I f, are invertible precisely when
the form F' is primitive, in the sense that 21223-1 Rf; = R. Tt is a result of Simon (see [Sim08,
Proposition 14], cf. [Wooll, Theorem 2.4]) that I7'~' represents the ideal class of the inverse
different of Rp.

Given a fractional ideal I of Rp having a specified basis (i.e., a based fractional ideal), the
norm of I, denoted by N(I), is defined to be the determinant of the k-linear transformation taking
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the basis of I to the basis of Rp in (4). It is easy to check that N(If;) = f(;j for each j with
respect to the basis in (6). The norm of k € K} is N(k) := N(x - I%) with respect to the basis
(KyK - Cly..ny k- Copn) of K- I%. Note that we have the multiplicativity relation

(7) N(x - I) = N(x) - N(I)

for any k € K ; and fractional ideal I of Rp with a specified basis.

We now explain how the objects Kr, Rp, and I } transform under the action of v € SLa(R)
on binary forms of degree 2n + 1 defined by v - F = F((x,2) - ). If F/ = v - F, then 7 induces
an isomorphism K ~ Kp/, under which the rings Rr and Rp happen to be identified with each
other (see [Nak89, Proposition 1.2] for a direct proof and [Wooll, §2.3] for a geometric argument).
On the other hand, the ideals I fm and [ %, are isomorphic as Rp-modules but may not necessarily be
identified under the isomorphism Kp ~ K/.. Indeed, as explained in [Bhal3, (7)], these ideals are
related by the following explicit rule: if v = [‘; Z], then for each j € {0,...,2n}, the composition
8) Y Kp s Kp
is an injective map of Rp-modules having image equal to I%,, where ¢; ., sends each § € Ifm to
(—bf+a)~7-§ € Kr. When j = 0, we recover the identification of Rp = I% with Rpr = I%, from (8).

2.3. Parametrization of Square Roots of the Class of I%”fl. We say that a based fractional
ideal I of Ry is a square root of the class of the inverse different if there exists § € K5 such that

(9) Pco-IZ7' and N(I)? =N(8) -NIFH

We now recall an orbit parametrization for such square roots that we introduced in [Swa2l1]. To
do this, let Hp be the set of pairs (I,0) satisfying (9). Let Hp = fIF/ ~, where the equivalence
relation ~ is defined as follows: (I1,d1) ~ (I2,d2) if and only if there exists k € K such that the
based fractional ideals I; and k - I are equal up to an SLg,;(R)-change-of-basis and such that
a1 = k% - as. Now, take (I,8) € Hp, and consider the symmetric bilinear form

(10) (=, =) IxI—Kp, (a,)—(a,B)=056" ap.

Let mon_1, mon € HomR(I?,"_l, R) be the maps defined on the R-basis (6) of I%"_l by
7r2n_1(92"_1) —1=m9_1(Con) = 7T2n_1(9i) =0 for each i € {0,...,2n — 2}, and
Ton(Con) + 1 = o, (8Y) = 0 for each i € {0,...,2n —1}.

Let A and B respectively denote the matrices representing the symmetric bilinear forms s, o
(—,—): I xI— R and ma,—10(—,—): I x I — R with respect to the R-basis of I, and observe
that A and B are symmetric of dimension (2n+ 1) x (2n 4 1) and have entries in R. We have thus
constructed a map of sets

orbp: Hp — {SLay1(R)-orbits on R? ®p Sym, R*}

where by R? ®p Sym, R?*" ! we mean the space of pairs of (2n 4 1) x (2n + 1) symmetric matrices
with entries in R. The following result characterizes the map orbpg:

Theorem 3 ([Swa2l, Theorems 9 and 13, Proposition 12 and 14]). The map orbr defines a bijection
from HFp to the set of all those SLay1(R)-orbits of pairs (A, B) € R? ® g Symy R such that:

(a) (=1)"-det(z- A+ z-B) = Fon(x,2) := % - F(z, foz); and

(b) pz(% - —A™'B) is a matriz with entries in R for eachi € {1,...,2n}.
Moreover, for any (1,9) € Hp, the stabilizer in SLa,41(R) of orbp(I,d) contains a subgroup iso-

morphic to the group R:[2]n=1:= {p € R} : p* =1=N(p)}.
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For the purposes of this paper, it turns out (see Lemma 11) that we only need the restriction
of the parametrization in Theorem 3 to those pairs (A, B) such that A defines a split quadratic
form over k. This restricted parametrization can be expressed in terms of the action of G(R) on
V(R). Indeed, suppose we are given a pair (A4, B) € R?®rSym, R?"*! such that the invariant form
det(z- A+ z- B) of (A, B) is equal to (—1)" - Fipon(z, z) and such that A defines a quadratic form
that is split over k. Then there exists g € GLa,41(R) satisfying gAg” = Ag (by the uniqueness
statement in the first paragraph of §2.1), and the matrix T = (¢7)~! - —A~1B . g7 is self-adjoint
with respect to the matrix Ap and has characteristic polynomial Fyon(z,1). We thus obtain the
following correspondence, the proof of which is immediate:

Proposition 4. The map (A, B) — T described above defines a natural bijection from the set
of SLay11(R)-orbits on pairs (A, B) € R? ®p Symy R*™ 1 with invariant form (—1)" - Fyon such
that A defines a split quadratic form over k to the set of G(R)-orbits on V(R) with characteristic
polynomial Fion(w,1). Under this bijection, we have that Stabgy,, . (r)(A, B) = Stabg(g)(T).

Remark 5. As explained in [Swa2l, §2.2], the proof of Theorem 3 is inspired by [Wool4], where
Wood derives a similar parametrization in which the multiplication table of a fractional ideal of Rp
gives rise to a pair of symmetric matrices with invariant form equal to F' (up to a sign). In [Bhal3,
§2], Bhargava uses Wood’s parametrization to prove analogues of Theorems 1 and 2 for rational
points on hyperelliptic curves.

2.4. Orbits over Fields. When R = k is a field, the parametrization in Theorem 3 simplifies
considerably. Indeed, every fractional ideal of Rp = Kp is equal to K, so every element of Hp
is of the form (Kp,d), where fo -6 € (K7 /Kp*)n=1 = {p € K} : N(p) € k*?}/K}?. Moreover,
condition (b) in Theorem 3 holds trivially in this case, implying that every SLo,i1(k)-orbit on
k% ®p Sym, k2" with invariant form Fyon(, 1) arises from an element of Hr. We thus obtain the
following result, which gives a convenient description of the orbits of SLa,11(k) on k? ®j Sym, k27 +!
that arise via the parametrization:

Proposition 6 ([Swa2l, Proposition 25]). When R = k is a field, the set of SLay+1(k)-orbits on
k?* @y, Symy k*" 1 with invariant form Fyon is in bijection with the set (K} /K;Q)Nzl. Under this
bijection, the orbit corresponding to the pair (Kp,d) € Hp is sent to fy- 0.

In what follows, we say that an orbit of SLa,,11(k) on k? ®j Sym, k2" (or of G(k) on V (k))
is distinguished if it corresponds to 1 € (K /K ;Z)Nzl under the bijection of Proposition 6. In
geometric terms, the orbit of a pair (A, B) € k? ®;, Sym, k>"*! is distinguished if and only if A and
B share a maximal isotropic space defined over k (see [BG13, §4]).

For ease of notation, write f = Fyon. Given any (A, B) € k? ®;, Sym, k?"*! with invariant
form f, we may regard A and B as quadratic forms cutting out a pair of quadric hypersurfaces
Q4 and Qp in P?". Let F(a,p) denote the Fano scheme parametrizing (n — 1)-dimensional linear
spaces contained in the base locus Q4 N @ p of the pencil of quadric hypersurfaces spanned by Q4
and @ p. The following proposition states that F4 p) is a torsor of the Jacobian of Sp:

Proposition 7. Let (A, B) € k% ®;, Sym, k2" with invariant form f. Then, if #k is sufficiently
large, F(a,p) s a torsor over k of the Jacobian of the stacky curve Sp.

Proof. The Jacobian of a stacky curve X is defined to be the 0"-degree component Pic®(X) of the
group Pic(X) of divisors on X modulo principal divisors. Let kg, be a separable closure of k, and
let 01,...,00,11 € P,lc(k:sep) be the roots of F'. Applying the correspondence between isomorphism
classes of line bundles and divisor classes to [CC17, proof of Proposition 2.2] yields that Pic(Sx) is
the group generated by the classes of the divisors (30;—36;) subject to the relations 2-(36;—36;) = 0
for 1 <1i<j<2n+1;i.e., we have

Pic’(Sp) = (Z/2Z){(36; — 30,) : 1 <i < j < 2n+1).
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There is a natural right action of the absolute Galois group Gy, := Gal(ksep/k) on Pic®(Sp): for
o € Gy, we have (10, — 16,) -0 = (3(c71- 6;) — 3(c71 - 6))).

A result of Wang (see [Wanl18, Corollary 2.5]) implies that, as long as #k is sufficiently large,
the Fano scheme %4 p) is a torsor over k of the 2-torsion subgroup J [2] of the Jacobian J of
the monic odd-degree hyperelliptic curve y?> = f(x,1). Thus, to prove that F(a,B) 1s a torsor of
Pic?(SF), it suffices to show that there is a Gj-equivariant isomorphism Pic®(Sg) ~ J[2]. But this
is clear: the divisor classes (6; — 6;) for 1 <i < j < 2n + 1 generate J[2](ksep) over Z/2Z. O

Note in particular that the SLa,11(k)-orbit of (A, B) is distinguished if and only if F4 p) is
the trivial torsor of the Jacobian of Sp (which happens if and only if F4 p)(k) # 9).

Remark 8. As it happens, Proposition 7 admits an analogue for pencils of even-dimensional quadric
hypersurfaces; see the work of Wang [Wan18] (generalizing previous work of Reid [Rei72, Theorem
4.8]), showing that the Fano scheme of maximal linear spaces in the base locus of a pencil of
quadric hypersurfaces generated by a pair (A, B) € k? ®; Sym, k%" is a torsor of the Jacobian of
the hyperelliptic curve cut out by the equation y? = (—1)" - det(x - A+ 2z - B).

We conclude this section by explaining how to visualize the simply transitive action of
Pic’(SF) on F(4,B)(ksep) from Proposition 7. For eachi € {1,...,2n+1}, let @; be the singular fiber
lying over the point #; in the pencil of quadrics spanned by Q) 4 and Q. Suppose that T is generic,
so that each of the quadrics @; is a simple cone with cone point q;. Let F(4 p)(ksep) = {P1, ..., P22n },
and for each ¢ € {1,...,22"}, let p, denote the corresponding linear subspace of IP’Z‘CP. We illustrate
this setup in the case where n =1 in Figure 1.

We define an action of Pic’(Sr) on F(a,B)(ksep) by first specifying how each (36;) acts on
OJ(A,B)(k‘sep)- Let Ly C IP)ZLP be the linear span of the (n — 1)-plane p, and the point ¢; for each
pair (7,£). By [Rei72, Theorem 3.8], there exists precisely one element p;y) € Fa p)(ksep) ~ {Pe}
such that p;y) C Li. For each i, let (%«9@) act on F(4 p) by swapping py and p;( for each £. Then
for each pair (i, ), the divisor (%91 - %Gj) acts on F4 gy by swapping py with p;(jp)) = pji(e)) for
each £. When n = 1, for example, the divisor (%01 — %92) acts on F(4 )y by sending (p1, p2, p3, pa)
to (ps,p4,p1,p2), as we demonstrate in Figure 1.

3. CONSTRUCTION OF AN INTEGRAL ORBIT FROM A PRIMITIVE INTEGER SOLUTION

Take R and F as in §2.2, and assume that k is of characteristic 0. In §3.1, we prove that
points (xo, Yo, 20) € Sp(R) give rise to certain orbits of G(R) on V (R) with characteristic polynomial
Fron(x,1). To produce the desired orbit, it suffices by Theorem 3 and Proposition 4 to construct
a pair (I,d) € Hp such that the matrix A that arises defines a split quadratic form over k. Our
construction extends a result of Simon, who constructs the desired pair (I, ) under the following
special conditions: F'is primitive and irreducible and yg is coprime to the index of Rg in its integral
closure (see [Sim08, Corollary 4]). We finish in §3.2 by describing when the orbits arising from the
construction are distinguished.

3.1. The Construction. Let (x,yo,20) € Sp(R). For convenience, we say that the point (xo, yo, 20)
is a Weierstrass point if yo = 0 and a non- Weierstrass point otherwise. Note that if yo = 0, then
zo # 0 because fo # 0, so the binary form F' factors uniquely as

(11) F(z,2) = (z—2.2) - F(z,2)

20

where F € R[z, 2] is a binary form of degree 2n with leading coefficient equal to fj.

We start by transforming the pair (zg, zo) into a pair with simpler coordinates by constructing
a suitable v € SLy(R) such that (xg,20) -y = (0,1). Let bg,dp € R be any elements such that
boxo+dpzo = 1 (such by, dy exist since Rzg+ Rzp = R). We claim that there exists K € R such that
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Qa

F1GURE 1. The pencil of conics spanned by Q4 and @Qp in P%sep, with singular
fibers 1, @2, and (Y3 having cone points ¢q, ¢o, and g3, respectively. In this case,
Fa,B)(ksep) = Qa N Qp = {p1,p2,p3,p4}. The dashed arrows display the action of
the degree-0 divisor (%91 — %92) on F4 p)-

(do — Kxg) +0(bo + Kz9) € Kj. Indeed, if we were to have (dy — Kz) + 0(bo + Kz9) € Kp ~ K,
then the pair (x,z) = (do — Kz, —by — Kzp) is a root of the equation F(x,z) = 0, which has
finitely many roots up to scaling, implying that we can choose K to avoid this outcome (since k is
of characteristic 0). Take any such K € R, let b = by+ Kzp and d = dy — Kz, and let v = [_Zxoo Z} .
Now, let F’ be defined by

2n—+1

Fl(z,2) = F(z,2) v ) = 3 fla® 17121 € Rlr, 2].
1=0

Note that f},,, = y3 and that f} # 0 since f§ = fo - N(d + 6b). If yo = 0, the binary form F’
factors uniquely as

Flz,2) =2 F'(z,2),

where F' € R[z, 2] is a binary form of degree 2n with leading coeflicient equal to f{; further observe

that f}, = F(zo,20) # 0 because F is separable. Let 6/ = (—zo + 02)/(d + 0b) be the root of
F'(z,1) in Kpr = Kp, and consider the free rank-(2n + 1) R-submodule I’ C Kpr defined by

Yo if yo # 0,

12 I'=REQ,...,0", ¢y, ..., C), where =
(12) @ Gt Ch) ¢ &%f& Ty
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Observe that the R-module I’ is a fractional ideal of Ry that resembles the fractional ideal I},
the only difference between them being that the basis element 1 € I}, is replaced by & € I'.
Lemma 9. We have that

I*cd 127", where o := {10/ ifyo 70,
LA F'(0',1) -0  ifyp=0
and that N(I')? = N(¢') - N(I2~1).
Proof. Recall from (6) that the fractional ideal 112:7_1 has the Z-basis
127 = RL,G,.... 071 ).

To prove the claimed containment, it suffices to check that when each of the pairwise products of
the basis elements of I in (12) is divided by ¢, what results is an element of I7/~'. We have the
following computations:

&8 = Chu + fin

(€08 = —yot" " fori e {1,...,n}
(€-¢5)/0 = —yoCi—1 —yofi1 forje{n+1,...,2n}

@075 = —¢"" for i,j € {1,...,n}

" - )/ = —Hli_lcj/- forie{l,...,n},je{n+1,...,2n}
(Gi-C5)/ = —CiCiy — fj1Gi fori,je{n+1,...,2n}

Using the fact that ¢/ € Rps for each ¢ € {0,...,2n+ 1} together with the fact that I%’,‘_l is closed
under multiplication by elements in Rg/, one readily verifies that each of the expressions obtained
on the right-hand side above is an element of 1%7_1. Crucially, these expressions do not depend in
piecewise fashion on the value of yg, even though & and ¢’ do (see Remark 12).

As for the second part of the lemma, using N(I%) = f§™", we find that N(I') = ¢- o,
where £ =& =yo if yo # 0 and & = & — ¢, = f5, if yo = 0. Moreover, a calculation reveals that
N(§) = €2 f(’)_l. Combining these norm calculations, we deduce that

= g-n = -1 —(2n—1 n—
NI = (€ fo " =@ g5 (™Y = NE) - NuE T 0

We now transform I’ and ¢’ back from Rps to Rp. Recall from (8) that

It = ¢n(I3) = (=00 + 20) ™" - I},

where we can invert —bf’ + zp because its inverse is equal to d +6b. Since I’ resembles I}, it makes
sense to consider the fractional ideal

(13) I:=¢p ") = (=0 + 20)™" - I' = (d+6b)" - T,
which has norm given by
(14) N(I) = N((d+ 6b)" - ') = N(d + b)" - N(I') = £ - fg™

where we used the multiplicativity relation (7). Similarly, let 6 € K: be defined as follows:

o xo — 02 if 0,
(15) 5= a0y = 0 =0 30 7
—bl' + zg F(200,20) + (xo — 029) if yo = 0.
It then follows from Lemma 9 that
2 J' I%T/l_l n—1
(16) I C =017,

b0+ 29 (—bb + 29)2nT
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where in the last step above, we used the fact that

I%n—l _ ¢2n—1,w(12n 1) ( bo' + 20 ) (2n—-1) | I%’I;L—l.
Notice that N(I)? = N(J) - N(Ig)?"~! (this can be verified directly from (14) and (15), but it also
follows from the fact that N(I’)? = N(&') - N(Ig/)*"~! by Lemma 9).

Lemma 10. The fractional ideal I is well-defined, in the sense that it does not depend on the
choice of v = [_ZIOO Z] € SLa(R) satisfying (xo,20) -y = (0,1) and d+ 60b € K5.

Proof. Let vy = [_Zgo Z} € SLa(R) satisfying (xo, z0)-y = (0,1) and d+60b € K} as above. Any other

5 € SLa(R) satistying (xg, z0) - 7 to (0, 1) is a right-translate of 7 by an element of the stabilizer of
(0,1), which is the group of unipotent matrices My = [(1] [f] for K € R. So take K € R, and let

. 20 b+ Kz
= K [ —x0 d— Kuxq ]
Let F(z,2) = F((z,2)-51) = .7 fiz? 17127 and let 6 be the root of F(z,1) in Kp. Assume
that K has been chosen so that (d — Kxzo) + 0(b+ Kzp) € K, and notice that

—x0 + 029 _ 0
(d— Kxzo) +0(b+ Kz) 1+0K
Just as we associated a pair (I', ') to 7, we can associate a pair (I,9) to 7 satisfying the analogous
properties 12 C 0 - I2" Uand N(I)? = N(4) - N(I;” 1). To prove the lemma, it suffices to show that

(18) Gnay(I') = nz(I) and  ¢1,(8") = ¢15(9),
The second equality in (18) is readily deduced by inspecting (15); as for the first equality, notice
that it is equivalent to the following:

— / n -
(19) < b6+ 20 > I=r.
—<b+ KZ())@ + 20

Using (17), we find that the fraction in parentheses in (19) is equal to 1+ K¢'. Now, observe that
we can express the ideals I’ and I as

(20) I'=RE0 Iy and I=R{E6 1071,

(17) 0=

where € =y if 3o # 0 and £ = f4 = fan if yo = 0. Upon combining (19) and (20), we find that
(1+EK60)"-T=R{(1+K0)" - ((1+K0)9) - ((1+K6O)Iz)"")
= R(1+ K@) - &0 I =T,
where the last step above follows because §'° € I’ for each i € {0,...,n}. O

By applying the correspondence in Theorem 3 to the pair (I,d) constructed above, we see
that the point (zg, 0, 20) € Sp(R) gives rise to a pair (4, B) € R? ®r Sym,y R?"*! with invariant
form (—1)" + Fiyon. To complete the construction, it remains to verify that A is split:

Lemma 11. The matriz A defines a split quadratic form over k.

Proof. 1t suffices to exhibit an n-dimensional isotropic space X over k for the quadratic form defined
by A. We claim that

X = k(zg — 02,0(z0 — 0z),...,0" Hzg — 020)) C Kp

does the job. Indeed, since F is separable, the elements % (zo—60z) for i € {0,...,n—1} are linearly
independent over k: if yg # 0, then this follows because the elements §" € Kp for i € {0,...,n—1}



12 ASHVIN A. SWAMINATHAN

are linearly independent and xo — 0z is an invertible element of Kg; if yo = 0, then this follows
because the elements 6° € Kz for i € {0,...,n — 1} are linearly independent and xg — 6z is an
invertible element of K. Thus, we have that dimj X = n. Moreover, notice that

on ({0 (w0 — 020), 67 (0 — 020))) = Tan (00" — 200" +1) = 0
for any i,j € {0,...,n — 1}. O

Remark 12. We defined the pair (I,0) in piecewise fashion, according as yo # 0 or yo = 0. The
resulting pair (A, B) nevertheless admits a “functorial” definition: indeed, the entries of A and B
are polynomial functions in xg, yo, 20, b, d and the coefficients of F'. Thus, if our purpose was simply
to construct orbits from integral points, we could have carried out the construction for yg # 0 and
specialized the resulting pair of matrices to the case yg = 0. However, our proofs of Theorems 1
and 2 require knowledge of the element § € K ;: corresponding to the orbit arising from an integral
point, and it is difficult to reverse-engineer § from a representative (A, B) of such an orbit.

In [Bhal3, §2], Bhargava establishes an analogous construction for rational points on hyperel-
liptic curves, one that takes a non-Weierstrass point on a degree-2n hyperelliptic curve y? = F(z, z)
and produces a pair (I,0) of a fractional ideal 7 and § € K such that I? C ¢ - I7'% and
N(I)? = N(8) - N(I2"3). By a parametrization due to Wood (see [Wool4, Theorem 5.7]), the pair
(I,9) gives rise to a pair (A, B) € R? @ Symy R?" such that det(z - A+ z- B) = (—=1)" - F(x, 2).
To handle Weierstrass points, Bhargava uses the aforementioned specialization trick but does not
determine the element § € K ; corresponding to the specialized orbit, even though this data seems
necessary for the proofs of [Bhal3, Theorem 3 and Corollary 4] to go through. We note here
that the piecewise construction of the pair (I, ) given in this section can be modified to work for
hyperelliptic curves, thus yielding complete proofs of [Bhal3, Theorem 3 and Corollary 4].

Remark 13. That the invariant form of the pair (A, B) is equal to (—1)" - Fiyon, that A defines
a split quadratic form, and that the stabilizer of (A, B) contains a subgroup isomorphic to R} [2]
are properties that hold formally. Thus, if we replace R with any base ring and F' € Rz, z] is
any binary form of degree 2n + 1, any R-primitive solution (z,v,2) = (x0,%0,20) € R> to the
superelliptic equation y? = F(z, z) gives rise to a pair of matrices (A, B) € R?> ®p Sym, R?"t!
such that the invariant form is F,,, and such that the stabilizer in SLg, 1 (R) contains a subgroup
isomorphic to Ry [2]x=1. If the base ring R is an integral domain, then A defines a split quadratic
form over the fraction field k£ of R. Note that these properties hold even if we do not assume that
fo # 0, that F' is separable, and that k has characteristic 0, despite the fact that we used these
assumptions to derive the construction.

3.2. Distinguished Points. We say that a point (xg,yo, 20) € Sp(R) is distinguished if its asso-
ciated G(k)-orbit is distinguished. Note that Proposition 6 implies that (xo, Yo, 20) is distinguished
if and only if fy - (zg — 029) is a square in K.

When fj is a multiple of a perfect square by a unit u € R*, Sg has a trivial R-point, namely
(u, Ju?+1l. f4,0). Since fo-(u—0-0) = u- fo € Kfﬂ, the orbits associated to these trivial
solutions are always distinguished. Whether a primitive integer solution is distinguished is not
necessarily invariant under replacing F' with an SLa(R)-translate. Indeed, suppose (zo,yo,20) €
Sr(R), take v € SLa(R) such that (xg,20) - v = (1,0), and let F'(x,2) = F((z,2)-v~!). Then
the point (1,y0,0) € Sg/(R) is distinguished, regardless of whether the point (g, 30, 20) € Sp(R) is
distinguished. Nevertheless, whether a solution is distinguished is always preserved under replacing
F with a translate by a unipotent matrix of the form MIT< for K € R.

Now take R = Z. When |fy| is not a perfect square, we show in [Swa21, §3.3] that the non-
square factors of | fy| tend to obstruct the distinguished G(Q)-orbit from arising via the map orbp
defined in §2.3. More precisely, we have the following result, which states that there are strong
limitations on the forms F' € Fa,,11(fo) for which some point of S¢(Z) is distinguished:
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Theorem 14. Let F € Fo,11(fo) be separable, and suppose that there exists a point of Sp(Z)
giving rise to the distinguished G(Q)-orbit via the construction in §3. Then one of the following
two mutually exclusive possibilities holds for each prime p | k:

(a) Rp ®gz Zy is not the mazimal order in Kp ®qg Qp; or
(b) Rp ®z Zy, is the mazimal order in Kp ®q Q, and F/z is a unit multiple of a square modulo p.

Moreover, the density of binary forms F € Fani1(fo) such that one of the conditions (a) or (b)
holds for every prime p | k is equal to pif, = Hp|K (}% + 1%)‘

Proof. Let p | k. By [Swa2l, Theorem 28], if F' € Fap+1(fo) is such that some element of the image of
orbp has distinguished G(Qj)-orbit, then one of conditions (a) or (b) in the theorem statement holds.
By [ABZ07, Proposition 3.5, the p-adic density of F' € Fa,11(fo, Zp) satisfying condition (a) is p~2,
and it follows from [Swa2l, Theorem 29] that the p-adic density of F' € Fopn11(fo,Zy) satisfying
condition (b) is p~""!(p — 1). The theorem follows by combining these density calculations. O

Theorem 14 implies that points of Sp(Z) often fail to be distinguished — a fact that is crucial
for the proofs of Theorems 1 and 2, because the geometry-of-numbers results from [BG13, §9] that
we apply in §5 to count orbits of G(Z) on V(Z) only give us a count of the non-distinguished orbits.

4. COUNTING ORBITS ARISING FROM LoOCAL POINTS

Let & denote the (G(Z)-invariant) subset of integral elements of V(Z) that arise via the
construction in §3.1 from separable forms F' € Fa,11(fo). It is hard to describe P explicitly, and
hence to determine a precise count of the number of G(Z)-orbits on % having bounded height.
However, 9 is contained within a subset of V(Z) defined by local conditions: indeed, P C V(Z) N
M, Pv, where for each place v of Q, we write P, for the subset of V(Z,) that arises via the
construction from separable forms F € Fo,11(f0,%Z,). To prove Theorem 1, our strategy is to
bound the number of G(Z)-orbits on P of bounded height by counting the total number of G(Z)-
orbits on V(Z) of bounded height and sieving to those orbits that belong to %, for many places
.

A key step in this strategy is, roughly speaking, to control the size of %, for each v. The
purpose of this section is to carry out this step. In §4.1, we determine the number of orbits arising
via the construction from a given separable form F' € Fo,11(fo,R). In §4.2, we bound the p-adic
density of &, for odd primes p 1 fy by working over Z/pZ, and in §4.3, we bound the 2-adic density
of Py when 2 1 fo by working over Z/8Z. In §4.4, we take p | fo and work over Z, to bound the
number of orbits arising via the construction from forms F' € Fo,,11(fo,Z,) that define the maximal
order. We finish in §4.5 by working over Q, to handle the remaining cases.

4.1. Orbits over R. For each m € {0,...,n}, let F(m) C Fapnt1(1,R) be the set of separable
monic degree-(2n + 1) polynomials over R having exactly 2m + 1 real roots.

Proposition 15. There are exactly 2m+1 orbits of G(R) on V(R) that arise from points in Sp(R).

Proof. Let F' € Fony1(fo,R), and let f(z) = Fpon(z,1). Suppose that f € #(m) with real roots
given in increasing order by A\; < -+ < Agyy1, where m € {0,...,n}. We now compute the number
of orbits of G(R) on V(R) having characteristic polynomial f that arise from points in Sp(R) via
the construction in §3. The G(R)-orbit associated to a point (g, 30, 20) € Sp(R) is identified via
the correspondence in Proposition 6 with some fo-0 € (K /K ;2)1\151. This class is represented by
a sequence of the form

(21) (fo(zo — M20)s- - s fo(To — Aam+120), b1+ -+, ) € RFMHL 5 C" o~ Ko,



14 ASHVIN A. SWAMINATHAN

Otherwise, if yg = 0, then i—g = ); for some j; letting F be as in (11), we see that the class
forde (K ; /K ;2)1\151 is represented by a sequence of the form

(22)  (folzo — M120);-- -, fo - F(20,20); - - s fol@0 — Aoms120)s b1y -y byem) € R o,

where the term fy - F(x0,20) in (22) replaces the term fo(zg — Ajzp) in (21). The class in
(K} /K 3?*)n=1 of the sequence in (21) or in (22) is given by the sequence of signs of its first 2m + 1
terms. Because N(b;) > 0 for every j, the condition that N(fy-0) is a square in R* is equivalent to
the condition that H?;”f“l fo(zo — Nizo) > 0 if yop # 0 and (fy - ﬁ(xo, 20)) - 2m+1 folxo — Aizo) >0

i=1

i#]
if yo = 0. We now split into cases based on the signs of fy and zp:
Case 1a: fo > 0, zp > 0. First suppose yg # 0. In this case, the sign of fo(zo — Aizo) is equal to
the sign of (z¢/z0) — A;. The possible sequences of signs of the fo(xg — \;jzp) are therefore

(23) L o N

giving a total of m + 1 orbits. We label the sign sequences in (23) from left to right by an index 7
that runs from 1 up to m+ 1. If yg = 0 and z—g = Jj, then because \; < A\; when @ < j and A\; > A;
when i > j, we obtain the same sign sequences as those listed in (23).

Case 1b: fy > 0, zo < 0. First suppose yo # 0. In this case, the sign of fo(xg— Aizo) is equal to the
opposite of the sign of (z9/z0) —A;. The possible sequences of signs of the fo(xg — A\;z0) are therefore

(24) FA et e, — e —

giving a total of m + 1 orbits. We label the sign sequences in (24) from left to right by an index 7
that runs from m + 1 up to 2m + 1. (Note that the first sign sequence in (24) is the same as the
last sign sequence in (23), which is why they share the same value of 7.) If yo = 0, we again obtain
the same sign sequences as those listed in (24).

Case 2a: fo <0, zo > 0. The possible sign sequences are the same as those listed in (24), and we
likewise label them from left to right by an index 7 that runs from m + 1 up to 2m + 1.

Case 2b: fy < 0, zp < 0. The possible sign sequences are the same as those listed in (23), and we
likewise label them from left to right by an index 7 that runs from 1 up to m + 1. 0

For each m € {0,...,n} and 7 € {1,...,2m + 1}, we write V(™7) ¢ V(R) for the subset
of operators T such that ch(T) € #(m) and such that the G(R)-orbit of T' gives rise (via the
correspondence in Proposition 6 and the above discussion) to the sign sequence with index 7.

4.2. Bounding Vol(%,) for 2 # p t fy. Let Vol(%,) denote the p-adic density of &, in V(Z,)
(i.e., the volume of &P, with respect to the Euclidean measure on V(Z,) normalized so that the
volume of V(Z,) is 1). Let #,(m) denote the set of monic degree-(2n + 1) polynomials over Z/pZ
(not necessarily separable) having m distinct irreducible factors. When 2 # p { fo, we obtain the
following bound on Vol(%,):

Proposition 16. We have that

2n+1

: p+1 #G(Z/pZ) #Ip(m)

Vol(F) < mm{l’ § : gm—1" " pmPin pQZ“
m=1

Proof. Given a monic degree-(2n + 1) polynomial f over Z/pZ, let ijcd C V(Z/pZ) denote the
mod-p reduction of the subset {T" € P, : ch(T') = f (mod p)}. Because G is smooth over Z,, the
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map G(Z,) — G(Z/pZ) is surjective, implying that ijcd is G(Z/pZ)-invariant. Then we have
2n+1 0l 2n+1
#X; #0(T)
(25) Vol(Py) < 3 Z F D DD DI D 5 ey
m=l fesp(m m=1 fep(m) rec(z/pr)\S}"

where for each T' € V(Z/pZ), we denote by O(T') the G(Z/pZ)-orbit of T. Let Stab(T') C G(Z/pZ)
denote the stabilizer of T'. Substituting #0(T") = #G(Z/pZ)/# Stab(T) into (25) yields that
2n+1
1 #G(Z/pZ)
(26) Vol(y) < > D . #Stab(T)  pertantl

m=1 fE€7p(m) P/ pr) S

The following lemma gives a lower bound for # Stab(7") that is independent of f € .J,(m):

Lemma 17. For T € ijc()l, we have that # Stab(T) > 2m~ 1.

Proof of Lemma 17. Let Ky = (Z/pZ)[x]/(f). By Proposition 4, # Stab(T) > #K[2]x=1. Let-
ting f split over Z/pZ as f(x) = [[;~, fi(x)™, where the f; are distinct and irreducible, we have
that Ky ~ [[7"(Z/pZ)[x]/(f]""). Consequently, Kf [2] contains the 2™ elements of the form

(2

+1,...,41). Exactly half of these elements have norm 1, so #K ¥ [2]n=; > 2™ L. ]
( Yy f

To bound the right-hand side of (26), it remains to control the number of G(Z/pZ)-orbits on

iifﬂ. But there can only be as many orbits as there are points in P!(Z/pZ), which has size p + 1.
Combining this observation with (26) and Lemma 17 yields the proposition. O

Remark 18. Tt is well-known (see [BG13, §6.1]) that for each odd prime p, we have

n? - ) n2+n
(27) #G(2/p2) =p" [ - 1) <p*

i=1

4.3. Bounding Vol(%,) for 2 = p { fo. Here, it turns out to be ineffective to work over Z/2Z
or even Z/4Z; instead, we work over Z/8Z. Let Fg(m) denote the set of monic degree-(2n + 1)
polynomials in (Z/8Z)[z] having m distinct irreducible factors over Z/2Z. When 2 = p { fo, we
obtain the following bound on Vol(%,):

Proposition 19. We have that
2n+1
1
Vol(%y) < min{l, 3 2. #‘Yg(m)}

22n+m—1 82n+1
m=1

sol

Proof. Given a monic degree-(2n + 1) polynomial f over Z/8Z, let ¥, C V(Z/8Z) denote the
closure under the action of G(Z/8Z) of the mod-8 reduction of the subset {T" € Py : ch(T) = f
(mod 8)} (note that this subset may not be a priori G(Z/8Z)-invariant, because G is not smooth
over Zo and the map G(Za) — G(Z/8Z) is not surjective). Then we have

2n+1 wsol 2n+1
#y #0O(T)
(28) Vol(P2) < Z Z AmV — Z Z Z g2n?+3n+1’
m=1 fe.75(m) m=1 fes3(m) rec(z,/82)\5"

where for each T € V(Z/8Z), we denote by O(T') the G(Z/8Z)-orbit of T'. Let Stab(T') C G(Z/8Z)
denote the stabilizer of T'. Substituting #0(T") = #G(Z/87Z)/# Stab(T') into (28) yields that

2n+1

1 4G(Z/8T,
(29) Vol(%P2) < Z Z Z #Stab(T) 82n2(+3/n+1)‘

m=1 fe.s5(m) T€G(Z/8Z)\Z; bra
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The following lemma gives a lower bound for # Stab(7T') that is independent of f € Jg(m):

Lemma 20. ForT € ijf()l, we have that # Stab(T) > 22n+m=1,

Proof of Lemma 20. Let Ry = (Z/8Z)[x]/(f). By Remark 13, Stab(T") contains a subgroup iso-
morphic to R} [2]n=1 = {p € R} : p> =1=N(p)}. Let f split over Z/8Z as f(z) = [[12, fi(z),
where the f; have the property that their mod-2 reductions are powers of distinct irreducible poly-

nomials. Then it follows from [LP20, Theorem 7] together with the Chinese Remainder Theorem
that Ry ~ [T, (Z/8Z)[x]/(f:), and R} [2] contains the 2*"+™*! elements of the form

difl m
j=1 i=1

where pg is any element of (Z/8Z)* and p; is any element of {0,4} C Z/8Z for each j, 6; is the
image of z in (Z/8Z)[x]/(fi), and d; = deg f; for each i. At least 1 of these elements have norm 1,
so # Stab(T) > #R}[2]n=1 > 22"Fm—L, O

Let G be the split odd orthogonal group scheme, defined in the same way as G but without
the determinant-1 condition. Observe that the determinant map det: G(Z/8Z) — (Z/8Z)* is
surjective: for each o € (Z/8Z)*, the diagonal matrix with row-(n+ 1), column-(n + 1) entry equal
to o and all other diagonal entries equal to 1 is orthogonal with respect to Ag and has determinant o.
Combining this observation with the computation of #G(Z/8Z) in Proposition 21 (to follow) yields

#G(2/87) _ #CG(@/82) _, (2"~ 1) [[5' (2% 1)

82n2+n 4 - 82n2+n - 2n2

(30) <2.1=2

To bound the right-hand side of (29), it remains to control the number of G(Z/8Z)-orbits on ijal.

But there can only be as many orbits as there are points in P1(Z/8Z), which has size 12. Combining
this observation with (29), Lemma 20, Proposition 21, and (30) yields the proposition. ]

In the following proposition, we determine the value of #G(Z/8Z), which was used in (30):
Proposition 21. We have that

n—1
#G(Z/8Z) _ 25n2+3n+3 (2" —1) - (22i —1)
1

<.
Il

when n > 1, and #G(Z/8Z) = 4 when n = 0.

Proof. We apply the recursive formula for computing sizes of orthogonal groups modulo 8 given
in [Reib6, §4.1.3]. The first step is to diagonalize Ap. One readily verifies that there exists g1 €
GLay+1(Z) such that g1 Agg? is equal to the diagonal matrix with first n + 1 diagonal entries equal
to 1 and remaining n diagonal entries equal to —1. By [Jon44, proof of Lemma 3|, there exists
g2 € GLay1(Zs) such that gog1 Aggl g3 is equivalent modulo 8 to the following diagonal matrix:

1 --- 0 0 0 O
: : (1,1,1) if2n+1=1 (mod 8),
(31) 0 1 0 0 O , where (a1, a2, a3) — (1,1,7) %f 2n+1=3 (mod 8),
0 0 ag 0 O (1,3,3) if2n+1=5 (mod 8),
0 0 0 ay O (3,3,7) if2n+1=7 (mod &)
(0 - 0 0 0 a|
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Using (31) together with the recursive formula displayed in [Rei56, §4.1.3] yields that

2n+1
(32) #G(2z/82) = [ (8 + 47" flusni1—j) +2(4v2) - cos(Z Kani1—j) — 8- & h(uzns1—;)),
j=1

where the functions f and h are defined by
1 ifu; =0 (mod 8),
fluj)) =49 -1 ifu;=4 (mod8), and h(y;) = {
0 otherwise

1 ifi<2nandu; =0 (mod 8),
0 otherwise

and where the quantities u; and h; are given as follows:
Case 1: (a1, az2,a3) = (1,1,1). We have that

(33) Ugpt1—j =J—1 and Kopp1-j =7 —2.

Case 2: (a1, az2,a3) = (1,1,7). We have that

j+5 ifj>2 j—4 ifj>2,
(34) U2n41—7 {O =1 an 2n+1—j 15 =1

Case 3: (a1, az2,a3) = (1,3,3). We have that

j+3 ifj>3, j—6 ifj>3,
(35) U2n+1_j = 3 ifj = 2, and K2n+1—j = -8 ifj = 2,
0 if j =1 —7 if j=1

Case 4: (a1,a3,a3) = (3,3,7). We have that

jH9 ifj>4, j—8 ifj>4,
10 ifj=3, —9  ifj=3,
36 = d Kopp1j =
(36) S | ST T R A O )
0 ifj=1 “15 ifj=1

Substituting (33), (34), (35), and (36) into (32) and simplifying yields the desired formula.

We can also compute #@ (Z/8Z) by comparing two different formulas for a quantity known as
“the 2-adic density of the quadratic lattice” defined by the matrix Ag, which is up to normalization
the same as the 2-adic volume of G(Zz) with respect to Haar measure. We denote this quantity
by ag. One of the two formulas for ay is given in [Chol5], where Cho constructs a smooth model
of the group scheme G over Zs. Letting G denote the special fiber of this smooth model, one can
show by applying [Chol5, Lemma 4.2, Remark 4.3, and Theorem 5.2] that

(37) g =227 LG(Z)27) = 272 4.80,,,(7,/27),

where SOs, denotes the special orthogonal group on a 2n-dimensional split orthogonal space. To
be precise, ag is defined in [Chol5] to be 1/2 of the quantity in (37), to account for the number
of connected components of G in G. However, we have removed this factor of 1/2 to make the

definition of ay consistent with the one given by Conway and Sloane in [CS88, §12], who define aq
by

#G(Z)277)

(38) Q2 = (2r)2n2+n
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for any sufficiently large positive integer r. It follows from [Kit93, Proposition 5.6.1(ii) and proof
of Lemma 5.6.5] that we can take » = 3 in (38). Comparing (37) and (38) together with the fact
that # SOy (Z/27) = 27" =" (27 — 1) - T["=1 (22 — 1) for n > 1 (see [Chol, §6]) yields that
n—1
#G(Z/SZ) _ 24n2+4n+3 . #SOQn(Z/QZ) _ 25n2+3n+3 . (2n _ 1) . H(22i B 1)‘ 0
i=1
Remark 22. Tile strategy for the second proof of Proposition 21 can likewise be used to obtain a
formula for #G(Z/2"Z) for each r > 3.

4.4. Orbits over Z,. Let p be an odd prime. When F' is such that Rr is the maximal order in
K, we have the following loose bound for the number of orbits arising from points in 8z (Zp):

Proposition 23. Let p be an odd prime, and suppose that Rp is maximal in Kr. Then there are
at most 2™ % orbits of G(Z,) on V(Z,) arising from points of Sp(Z,) via the construction in §3.
The size of the stabilizer in G(Zy,) of any such orbit is at least 2™ .

Proof. By [Swa2l, Theorem 20], the number of G(Z,)-orbits on V(Z,) arising from elements of
Hp via the correspondence in Theorem 3 is equal to #(R;/R;Q)Nzl = 2m~1 By Theorem 3, the
stabilizer of any such orbit has size at least #R[2]n=1 = 2™~ L. O

When p 1 fo, Propositions 16 and 21 give tighter control on the size of %, than Proposition 23,
which we will only use for odd primes p | fo. When p | fo, it does not suffice to obtain a bound of
the form Vol(%,) < 1 (like the bounds obtained in Proposition 16 and 21). Indeed, since proving
Theorems 1 and 2 involves averaging over monicizations of forms in Fop11(fo) (see §5.2), we must
show that Vol(%,) is < | f0|127”2+”, which is the p-adic density of the set of monicizations of forms in
Fon+1(fo, Zp). At least for those forms F' € Fop41(fo,Zp) such that Rp is maximal, Proposition 23
will be enough to obtain the desired bound on Vol(%),).

4.5. Orbits over Q) for p | fo. Proposition 23 only applies when Rp is the maximal order in Kp;
in this section, we handle the remaining forms F' by controlling the number of orbits of G(Q,) on
V(Q,) that can arise from points of Sg(Z,,). To this end, suppose that F' € Fo,11(fo,Zy) splits as
a product m distinct irreducible factors over Z,. Then we have the following result:

Proposition 24. Let p be an odd (resp., even) prime. Then there are at most 2™+ (resp., 20tm+2)
orbits of G(Qp) on V(Qp) arising from points of Sp(Zy) via the construction in §3. The size of the
stabilizer in G(Qyp) of any such orbit is at least #K ;[2]n=1 = 2™ L.

Proof. By Proposition 6, it suffices to bound the number of elements of (K ; /K ;2)1\151 of the form
fo -9, where 6 € K. is the second coordinate of a pair (I,d) € Hp arising from a points of 8z (Zy)
via the construction in §3.

Fix zg € Z,, and consider the monic odd-degree hyperelliptic curve Cp, of genus n over
Qp defined by the affine equation Cr,: y? = Fuon(7, 20). Notice that CF,, is a quadratic twist
of Cp; and that for z; € Zp, the curves Cp, and Cp, are isomorphic over Q, when zy and z

represent the same class in Q' / Q;? Let {m,...,n} C Z, denote a complete set of representatives
of elements of Q/ ;2, and note that we can take £ = 4 when p is odd and £ = 8 when p = 2.
Then each Cp,;, is isomorphic to one of Cry,,...,Cry,.

Let (20,0, 20) € Sr(Zp) giving rise to a pair (I,0). Then the point (fozo,yo) is a Qp-rational
point on the curve Cf ., and hence is identified with a Qp-rational point (x(,y;) on one of the
curves Cpy,,. In [BG13, §5], Bhargava and Gross show that points in Cr,, (Q,) naturally give rise
to orbits of G(Qp) on V(Q,) having characteristic polynomial Fyon(z,7;). Under the construction
of Bhargava and Gross, points of Cp,, (Q)) give rise to G(Qp)-orbits on V(Q,) via the following
composition:

(39) Cran(Qp) = Ji(Qp)/2J:(Qp) — H' (G, Ji[2]) = (K /K®)x=1,
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where J; denotes the Jacobian of Cr,, and where we identify the set of G(Q))-orbits on V(Q))
having characteristic polynomial Fyon (2, z0) with (K5 /K ;2)1\1;1 via Proposition 6. The composite
map in (39) is known as the Cassels map, and was first studied by Cassels in [Cas83].

Let ' € K be the image of x under the identification Qp[z]/Fmon(z,1) >~ Kp. If yg = 0,
then Fion(z,n; - 2) factors uniquely as

Fuon(,mi - 2) = (x — fo22ni - 2) - Funon(%,7i - 2)
where ﬁmon € Fo(1,Zy). (The notation ﬁmon makes sense, because ﬁmon is indeed the monicized

form of F' as defined in (11).) Using the explicit description of the Cassels map stated in [BS09,
§2], one finds that the point (zf, ') € Cr,, (Qp) gives rise to the class

1’6 - 9/77% if Yo 7é 0,
Fanon (0m,m5) + (ah — 0'mi)  if yo =0
Meanwhile, by Proposition 6, the class in (K} /K *)n=1 corresponding to (o, %o, 20) € Sr(Z,) is

} = fo-0 € (K;/Kr?)N=1.

also fo-d. Thus, the number of elements of (K /K ;2)1\151 of the form fj - ¢ arising form points of
Sr(Zy) is bounded above by the total number of G(Q))-orbits on V(Q,) arising from Q,-rational
points on any one of the finitely many curves Cgy,,...,Cpy,. By [BG13, §6.2], the number of
G(Qp)-orbits on V(Q,) arising from each Cp,, is at most 2™~! when p is odd (resp., 2"+mi~1
when p = 2), where m; is the number of distinct irreducible factors of Fion(x,7n;). But clearly
m; = m for each i, so we get the desired upper bound of ¢-2™~! when p is odd (resp., 27+m~!

when p = 2).
As for the statement about stabilizers, by Theorem 3, the stabilizer of any orbit arising via
orbp contains a subgroup isomorphic to K [2]x=1, which has size #K }[2]n=1 = 2™~ 1. g

5. PROOF OF THEOREM 1

For a monic polynomial f = x2”+1+2?2f1 ;-2 1=t € 7], let the height of f be defined by
H(f) := H(cy, ..., cans1) = max{|c;|? /1 . = 1,...,2n + 1}. For an element T € V(Z), let
the height of (the G(Z)-orbit of) T be defined by H(T') = H(ch(T)). We say that (the G(Z)-orbit
of) T is irreducible if ch(T') is separable and the G(Q)-orbit of T" is non-distinguished.

5.1. Counting Irreducible Integral Orbits of Bounded Height. In this section, we give a
count of the number of irreducible orbits of G(Z) on V(Z) of bounded height. We use this count
in §5.2, where we sieve to those integral orbits that arise from integral points.

Recalling the notation defined in §4.1, fix m € {0,...,n} and 7 € {1,...,2m + 1}. Let
V(Z)mT) = V1) A V(Z), and let N(V(Z)™7); X) denote the number of G(Z)-orbits of irre-
ducible elements T € V(Z)"™7) satisfying H(T) < X. Then we have the following adaptation
of [BG13, Theorem 10.1 and (10.27)]:

Theorem 25. There exists a nonzero constant F € Q such that

NV@)™:X) = S 17]- Vol GNG®) - |

dey - deapi1 + o(X 20
C1 - AcC o] 2n

(C1,...,an+1)€f(m) 1 2n+1 ’
H(C17~--,C2n+1)<X

where the fundamental volume Vol(G(Z)\G(R)) is computed with respect to a differential w that
generates the rank-1 module of top-degree differentials of G over Z.

Proof. In [BG13], Bhargava and Gross work with the subrepresentation V' C V' consisting of the
traceless operators in V. Such traceless operators have characteristic polynomial with the coefficient
c1 of the term 22" equal to 0. They prove that N(V’(Z)™7): X) is given by a formula (see [BG13,
Theorem 10.1 and (10.27)]) that is almost identical to the formula in the statement of Theorem 25,
except that the value of # may be different and the integral runs over (0,ca,...,cont1) € F(M).
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By simply lifting the restriction that ¢; = 0, it is not hard to check that the proof of [BG13,
Theorem 10.1 and (10.27)] carries over with minimal modifications to prove Theorem 25. O

In the following lemma, we derive an upper bound on the constant || in Theorem 25:

Lemma 26. We have that

n P Vol(G(Zy))
71 <2 Vo) [Tz

p>2

Proof. Let R = C, R, or Z, where p is a prime. Let # C R?*+1 be any open subset, and let
s: R — V(R) be a continuous function such that the characteristic polynomial of s(cy, ..., can+1)
is given by x?"*1 + Zf’jl c;x® 1= for every (ci,...,cont1) € R. The constant Z arises as a
multiplicative factor in the following change-of-measure formula:

Proposition 27. For any measurable function ¢ on V(R), we have
/ o@ar =171+ [ [ olg-ster. . camn)uto)dr
TEG(R)-s(%) % JG(R)

where we regard G(R) - s(R) as a multiset, | — | denotes the standard absolute value on R, dT is the
Euclidean measure on V(R), and dr is the restriction to & of the Euclidean measure on R*"t1,

Proof of Proposition 27. The proof is identical to that of [BS15, Proposition 3.11]. O

In particular, the constant # is independent of the choices of R = C, R, or Z, and of the
region % and the functions s and ¢. Thus, to compute | 7|, we can make the following convenient
choices: take R = Zp, so that | — | = | — [,; take

2n+1
R = {(01, ceeyCont1) € Z%”H R Z catrtl-i=f (mod p)}
i=1
for a fixed monic irreducible degree-(2n 4 1) polynomial f € (Z/pZ)[x]; letting X¢ := {T' € V(Z,) :
ch(T') = f (mod p)}, take s to be any continuous right-inverse to the function that sends 7' € X
to the list of coefficients of ch(7"); and take ¢ to be the function that sends 7" € X to ﬁb(ﬂ,
where Stab(T') C G(Z,) is the stabilizer of T', and sends T" € V(Z,) \ Xy to 0. The existence of
the right-inverse s is well-known; see, e.g., [SSSV21, §3.3].
Because ¢ is G(Zy)-invariant, Proposition 27 yields that for the above convenient choices, we
have on the one hand that

1
Vol(X¢) = / ——dT
) TeG(z,y)-s(#) # Stab(T)
1
(40) = | 7]y VOU(G(Z,)) - / 1
f'=f (modp) TEG(Zp)\5; # Stab(T)

ch(T)=f'

First suppose p # 2. We now compute the sum in the integrand in (40). Because we chose f to be
irreducible over Z/pZ, the ring Ry := Zy[x]/(f') is the maximal order in its field of fractions Ky,
and it is in fact the unique local ring of rank 2n + 1 over Z, having residue field F2nt1 (hence R
does not depend on the choice of f’). Then by [Swa21, (68)], there is precisely one G(Z,)-orbit with
characteristic polynomial f’, and the size of the stabilizer of this orbit is equal to #R? [2]n=1 = 1.
Thus, we find that

1
(41) P —
recig, DD
ch(T)="
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Combining (40) and (41) yields that

Vol(G(Zy))
(42) Vol(S) = 7], Vol(GiZ,) - [ dr = | 7, -~
f'=f (modp) p
Let Xy :={T € V(Z/pZ) : ch(T) = f}. Then the mod-p reduction map ¥ — X is surjective, and
we have by [BG13, §6.1] that #X; = #G(Z/pZ). Thus, we have on the other hand that

_ #Xy #G(Z/pZ)
- pdimV - p2n2+3n+1 ’

(43) Vol(X¢)

Equating (42) and (43) yields that

#G(Z/pZ)
22 4n . Vol (G(Zy))

(44> ‘j‘p =
p

when p # 2.

Next, suppose p = 2. We now derive an upper bound on the sum in the integrand in (40).
By [Swa21, (77)], the number of G(Zs)-orbits with characteristic polynomial f’ is equal to 2"~ (2"+
1). The size of the stabilizer of any such orbit is equal to #R7,[2]n=1 = 1, so we find that

(45) > #St;b(T) — 27127 4 1).

Combining (40) and (45) yields that

2n—1(2n + 1)

(46) Vol(Sy) = |72 - Vol(G(Z)) - =5

Let ¥y = {T € V(Z/2Z) : ch(T) = f}. Then the mod-2 reduction map ¥; — ¥ is surjective, and
by Propositions 4 and 6, the action of G(Z/2Z) on Xy is simply transitive, so #X; = #G(Z/2Z).
Thus, we have on the other hand that

#3p _ #G(Z/27)

(47) Vol(X¢) = odimV ~ 92n2t3nt1

Combining (46) and (47) yields that

22n2—1 (2n 4 1)

(48) 5t =27 Vol(G(Z2) - =

Since G is not smooth over Zs, computing Vol(G(Zz)) is far more complicated, but we do not need
to know the value of Vol(G(Zz)) for our purpose. The value of #G(Z/2Z) is given in [Cholb, §6]

to be #G(Z/27) = 27" - [T, (2% — 1), so it follows that

n

22n2—1 (271, + 1)

49 =@t 2 JJa-27%)"1t <1
(49) T »Io-2 <
Applying the identity

(50) 71 TT 17l =1

p

to (44), (48), and (49) completes the proof of Lemma 26. O
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5.2. Sieving to Orbits Arising From Local Points When 2 { fy. Let %5, ,(fo) be the subset
of all F' € Fop41(fo) satisfying both conditions in Theorem 14 for every prime p | k. Let 0 be the
upper density of forms F' € Fo,11(fo), enumerated by height, such that Sp(Z) # @. Then ¢ is
bounded as follows:

(51) 6 < lim #{F € F5,1(fo) : HF) < X} + #(GQ\{T € V(Z) : T is good, H(T) < X})
T X—oo #{FGGJQn+1(fO) H(F) <X} ’

where we say that T' € V(Z) is good if it is irreducible and T' € P, for every place v. The first term
in the numerator and the denominator on the right-hand side of (51) are respectively given by

(52)  #{F € Fpppi(fo) : HF) < X} = pgy - fg2 7" 22 X530 4 o(X %), and
(53)  #{F € Fonp1(fo) : H(F) < X} = fy27° m.22m1. X' 4 o(X 20 ).

We now bound the second term in the numerator on the right-hand side of (51). To do this, we
use the following result, which generalizes Theorem 25 by giving an upper bound on the number
of integral orbits of height up to X satisfying certain infinite sets of local conditions:

Theorem 28 (cf. [BG13, Theorem 10.12]). Let ¢: V(Z) — [0,1] C R be a function such that there
exists a function ¢,: V(Z,) — [0,1] for each prime p satisfying the following conditions:

o For all T € V(Z), the product [ ], ¢p(T) converges to ¢(T'); and

e For each p, the function ¢, is locally constant outside a closed set S, C V(Zy) of measure 0.

Let Ny(V(Z)™7; X) denote the number of G(Z)-orbits of irreducible elements T' € V(Z)™" satisfy-
ing H(T) < X, where each orbit G(Z) - T is counted with weight ¢(T') := [, ¢p(T). Then we have

Np(V(2)"™7) X) < N(V(2)"™7; X) - H/Tev(z n(T)T + o(X 50 ).

Proof. The proof is identical to the first half of the proof of [BS15, Theorem 2.21] (note that the
“acceptable” hypothesis in [BS15, Theorem 2.21] is not needed for the upper bound in Theorem 28).
g

To apply Theorem 28 to bound the second term in the numerator of (51), we need to choose
the weight functions ¢,. Given T' € V(Z), denote by m(T) the quantity

o #Stabz T’ #Stabz )
where O(T') denotes a set of representatives for the action of G (Z) on the G(Q)-orbit of T', and where
Stabg(T”) and Stabz(T") respectively denote the stabilizers of 7" in G(Q) and G(Z). By [BG13,
Proposition 10.8], counting G(Q)-orbits on V(Z) is, up to a negligible error, no different from
counting G(Z)-orbits on V(Z), where the G(Z)-orbit of T € V(Z) is weighted by 1/m(T).

The weight m(T') can be expressed as a product over primes p of local weights m,,(T). Indeed,
as stated in [BG13, (11.3)], we have that

(54) m(T)ZHmp(T), where  my(T) == Z

/€0, (T)

# Stabg, (T)
# Stabg, (T")’

where O,(T") denotes a set of representatives for the action of G(Z,) on the G(Q,)-orbit of T', and

where Stabg, (1) and Stabgz, (T") respectively denote the stabilizers of 7" in G(Q,) and G(Zy).
For each prime p, let ¢,: V(Z,) — {0,1} C R be the indicator function of elements T' € P,

such that ch(T") is separable. Then upon taking ¢, = ,/m, for each p, Proposition 15 and
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Theorem 28 together imply that the numerator of (51) is bounded above by
n  2m+41

(55) > ) NV(Z)™T; X) H/

0 =1 TEV (Zy) mp

dT +o(X 5.

In the following proposition, we give a formula for the integrals over V(Z,) in (55):

Proposition 29. Let p be a prime and let ¢ be a continuous G(Qp)-invariant function on V(Zy)
such that every element T € V (Zy) in the support of ¢ is separable. Then we have

W) o
/TEV(ZP) my(T) =

71 VollG(Z,) - [ S VD) ey e,

(€1,eesCant1)€ZETE TGOV (Z,) # Stapr (T)
Ch(T):x2"+1+Clx2"+...+02n+1

where F € Q is the same constant that appears in Theorem 25.
Proof. The proof is identical to that of [BG13, Corollary 11.3]. O

If 2 # p | fo, combining Proposition 24, Lemma 26, and Proposition 29 yields that

pr(T) om(8)+1
Lo, T SV VACED - [, e gy e demn

’71|ci for every ¢
(56) = 4-Vol(G(Zy)) - | folg" ™,

where m(¢) is the number of irreducible factors of the polynomial z2"+1 +ZZ221+1 ci-x? e 7,[x).
Similarly, when 2 = p | fo, combining Proposition 24 and Proposition 29 yields that

T
(57) / - )dTﬁg'Qn'|f|2'V01( G(Z2)) - | fol3™" "
TeV(Z2) Q(T)
Next, for odd primes p 1t fy, Proposition 16 gives an upper bound on Vol(% fTeV(Zp Yp(T)dT
Upon observing that my,(7') > 1, we deduce that the factor at p in (55) is bounded by
2n+1
Up(T) : p+1 #Ip(m)
58 / dT' < Vol(%,) < min< 1, -Vol(G(Z,)) - ——~
( ) Tev(z,) mp(T) ( P) mz_l 2m—1 ( ( p)) p2n+1
If 2 =p1 fo, then we can use Proposition 19 to similarly deduce that
2n+1
Va(T) 12 #I5(m)
59 dT < Vol(P,) < -2
( ) /TGV(ZQ) TTLQ(T) = O( 2) = mzzzl 22n+m—1 {2n+1

5.3. The Final Step. By [Lan66] the Tamagawa number of G is equal to 2, so we have
(60) Vol(G H Vol(G

We can now apply Theorem 25, Lemma 26, and the bounds in (56), (57), (58), and (59) to
bound (55); combining the result with (52) and (53) gives a bound on § via (51). Then, sim-
plifying this bound using (50) and (60), we draw the following conclusions:

Case 1: 21 fo. When 2t fy, we have

n

2n+1
(61) 6 —pp < (Z 27" . 2;1;1 -M(J(m))> - (Z anlm ' #gSiT)> '

m=0 m=1
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I win{ iz 3 it 2050

m—1 2n+1
Lm\ e@pm 2 1y
n+41

where p(F(m)) := (2271 X 20 )71 [ et yes(m) det - - - deany1 denotes the probability that
H(Cl,...702n+1)<X
a monic degree-(2n + 1) polynomial over R has 2m + 1 real roots, and where the implied constant
is independent of n. In (61), the archimedean factor is O(2"), the factor at primes dividing fj is
O(1), and the factor at 2 is O(272").
We now bound the factor at odd primes not dividing fy. The following lemma allows us to
bound the factors at primes less than a small power of the degree 2n + 1:

Lemma 30. We have for each fized A € (0,1/3) C R that
2n+1

[[ S5 A0 oy

2n+1
3<p<(2n+1)4 m=1

where 1,9 > 0 are real numbers that may depend on A.

Proof. We first estimate each factor in the product over primes. We split the sum at the prime p
into two ranges, one for m < 3log(2n + 1) and one for m > 1 log(2n + 1). We bound the sum over

m > $log(2n + 1) as follows:

p+1 #F(m) p+1 _2(p+1)
(62) Z om—1 "~ pn+l < Z om—1 < NerES
1log(2n+1)<m<2n+1 1 log(2n+1)<m<2n+1

For the sum over m < %log(Qn + 1), we rely on the following result of Afshar and Porritt:

Theorem 31 ([AP19, Remark 2.11]). Let p be a prime, and let 1 < m < log(2n + 1). Then we
have the following uniform estimate:

= e (0 () +© ()

where the implied constant is absolute (i.e., does not depend on p), and where the function D, is
defined as follows. Letting & C (Z/pZ)[z] be the set of all monic irreducible polynomials, we have

E(l/p,Z) zadest deg f\z
Dyz) = Ty, where E(x,z>=fg Lt Ty ) - (L= 20)%

We now turn the very careful estimate in Theorem 31 into a more easily usable form. First,
notice that for any = € (0,1/2) C R and z € (0,1) we have

(63) (1+ = ).(1—x)Z5<1+1m )-(1—zx)—1+(2_22)x2§1+x2.

1—=x —x 1—=x

By Carlitz’s Theorem (see [Car32]), there are exactly p?~! monic separable polynomials of degree

d over Z/pZ, and hence at most p%~1 monic irreducible polynomials of degree d over Z/pZ. Using
this together with (63), we deduce that

(64) E(1/p,z) < H (1+p2deety < ﬁ(l _’_pf?d)Pd*l.
fes d=1

2Note that a result of this type was first proven by Car in [Car82]; the dependence of the error term on the prime p
was made explicit in [AP19].
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To estimate the right-hand side of (64), we take its logarithm and apply the bound log(1 + z) < z
(which holds for z > —1):

(65)  log (H(l +p 2P > Zpd " log(1 +p ) Z (pl_l)-

d=1 d=1 d=

Taking p = 2 in (65) and using the fact that I'(1 + 2z) > 1/2, we have for any prime p, any
1 <m <log(2n + 1), and all sufficiently large n that

© 2 (i) O (mrne) <260 (manry) <4

where e denotes the usual base of the natural logarithm. Upon combining (62), (66), and Theo-
rem 31, we find for all sufficiently large n that

G SOREL#AM _20tl) g~ D) (Glog(e+ D
om—1 p2n+1 — on+1 (2n + 1) (m — 1)'
m=1 1<m<$ log(2n+1)
< 2p+1) 4(p+1) . phlog(2n41) _ 6p+6 _ _ 8p
“Von+1  2n+1 Von+1~ Von+1’

where we have used the fact that Zf»io f—: < e* for any = > 0 and integer N > 0. By Erdés’ proof
of Bertrand’s Postulate, we have Hp N < 4N for any N > 3. By the Prime Number Theorem, for
any € > 0, there exists an integer N > 0 such that for all N’ > N the number of primes less than
or equal to N’ is at least (1—¢) - 10N »7 and is at most (1+¢)- Tog N/ Combining this fact with (67),

we find for any fixed A < 1/3 and all sufficiently large n (where “large” depends on A and ¢) that

(2nt+1)A
2n+1p 7, (m) 8(1—4—5).7“%(%“) . 4@2n1)A -
I > oh #2m.
2n+1 (1—)- (2n+1)A
3<p<(2n+1)A m= 1 (, /2n + 1) Alog(2n+1)
for some real numbers €9, 9 > 0. O

The following lemma allows us to bound the factors at the remaining primes:

Lemma 32. We have that
2n “+n

H 5 #G( Zjvz) <
where the implied constant does not depend on n.

Proof. From (27), it follows that
p2n2+n n

4 n . 2
- 0 = —_ —_ —2i < . —2i <
#G(Z/pZ) Z log(1 —p™7) =2 Zi_lp —p2-1

i=1
where we have applied the bound —log(1 — x) < 2z, which holds for z € (0,1/2) C R. It is not
(I+p~ 5) for each p > 5. Thus,

(68) log

hard to check (by comparing derivatives)

2n2 +n

=

e

H 5 #G( /) = (1+27°2)(1+372)

It follows from Lemmas 30 and 32 that the factor at the odd primes not dividing fo is
O(2751"") for some real numbers 1,9 > 0, so by (61), we have § = pg, +0(27"). This completes
the proof of the second statement in part (a) of Theorem 1.

We now determine the smallest n for which our method yields that a positive proportion of
superelliptic stacky curves in Fa,,41(fo) are insoluble. To this end, let F5%% (fo) be the set of forms

Jla+r 3 <1 0
p
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F € Font1(fo) such that Rp ®z Z, is the maximal order in K ®qg Q, for every prime p | fo and
such that condition (b) in Theorem 14 fails for some prime p | K. Let dpax be the upper density of
forms F' € F32%% (fo), enumerated by height, such that Sp(Z) # @. For each prime p | fo, instead
of applying Propositions 24 and 29 to obtain the bound (56), we can apply Proposition 23 together
with the trivial bound my(7") > 1; doing so yields the following explicit bound on dmax:

n 2n+1
2m +1 12 #G(Z/8L) #IFs(m)
2n
(69)  Omax <2 (Z 27 on+m '“(j(m))> ' <Z 92n+m—1 "~ gan*tn  Q2n+l |’
m=0 m=1
H p2n2+n
s #G(Z/PZ)
Upon applying the estimates
"L om 41 3 <& 3 #Fg(m)
(70) ZW'M(j(m))§§‘ZM(3(m)):§ and WSL

m=0 m=0

we deduce that dpax < 277" < 1 whenever n > 7. By explicitly computing #;‘gi(ff) in sage for

n < 7, one can check that we also have dpax < 1 when n € {5,6}. Since the density of F5,% (fo)
in Fo,,41(fo) is positive, this completes the proof of the first statement in part (a) of Theorem 1.

Case 2: 2| fo. When 2| fy, we have

" om+1 n . pritn R p 41 .7, (m)
(T1) 6 — pyp < (Zwu(f(m))> 2" pl;[mm{w Z:IQm_J p2£+1

)
m=0 m

where the implied constant is independent of n. In (71), the archimedean factor is O(27"), the
factor at 2 is O(2"), and the factor at primes dividing fy is O(1). It follows from Lemmas 30 and 32
that the factor at the primes not dividing fy is O(2751"") for some real numbers £1,9 > 0, so
§ = pi, + O(2751"?) in this case. This completes the proof of part (b) of Theorem 1.

Remark 33. In [DPSZ02], it is shown that the density of real degree-N polynomials (not necessarily
monic) having fewer than log(N 41)/loglog(N +1) real zeros is O((N +1)~0+°()) for some absolute
constant b > 0. We expect that one can imitate the proof of this density result to obtain an
analogous theorem for monic polynomials. Given such an analogue, it may be possible to improve
(albeit modestly) the bounds on ¢ that we obtained above by bounding the probability u(.#(m)).

6. OBSTRUCTION TO THE HASSE PRINCIPLE AND THE PROOF OF THEOREM 2

In this section, we study how often superelliptic stacky curves satisfy the Hasse principle
using the method of descent. Specifically, we describe 2-coverings of superelliptic stacky curves,
and we modify the proof of Theorem 1 to show that superelliptic stacky curves often have no
locally soluble 2-coverings and thus fail the Hasse principle. Upon showing that such a 2-covering
obstruction to solubility is a special case of the Brauer—Manin obstruction, we obtain Theorem 2.

6.1. Defining the Brauer—Manin Obstruction for Sr. Let F' be a separable integral binary
form of degree 2n+1 > 3. While a suitable theory of Brauer—-Manin obstruction for stacks remains
to be developed, such a theory is not required in the context of superelliptic stacky curves. Indeed,
we can exploit the fact that the stack Sp is defined as a quotient of the punctured affine surface
Sr (see (2)), where the usual theory of the Brauer—-Manin obstruction for varieties applies.
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Let S FQ = Sp ®7Q, and let S F,@(AQ)Br denote the usual Brauer—-Manin set of the Q-variety
Sk (see [CDX19, §1] for the definition). Let

(72) Sr(hg)™ =[] 5r(Z0)

be the set of adelic points of Sp that are integral in every place (i.e., the set of everywhere-
primitive adelic solutions to the superelliptic equation y?> = F(z,z), or equivalently, the set of
everywhere-integral adelic points on the stacky curve Sg). With this notation in place, we define
the Brauer—-Manin set of Sf by

(73) Sr(Ag)” := Sr(Ag)™ N Sra(Ag)™,
and we say that Sg has a Brauer—Manin obstruction to having an integral point if its Brauer—Manin
set is empty (i.e., if Sp(Ag)P" = 2).

Because we have defined Sp(Ag)B" as a subset of Srg(Ag)P', we can use the method of

descent as laid out for open varieties in [CDX19] to obtain a set-theoretic “upper bound” on

Sr(Ag)P'. Indeed, suppose that we have a torsor f: Z — Sgg by a group of multiplicative type
or connected algebraic group I' (all defined over Q). Let

(74) Sra(Ag) = U (7))

c€H(Go,I'(Q))

be the descent set of f, where f7: Z7 — S ro is the twist of f: Z — S F, by a 1-cocycle representing

o € HY(Gg,I'(Q)). Since S £ is smooth and geometrically integral, [CDX19, Theorem 1.1] implies
that

(75) Sro(Ag)® C Sko(Ag).

It follows from (73) and (75) that S has a Brauer-Manin obstruction to having an integral point
if it has an obstruction to descent by I-torsors in the sense that Sg(Ag)™ N Spg(Ag)! = @.

6.2. 2-Coverings. Let k be a field of characteristic not equal to 2, let fy € k%, and let F' €
Fon+1(fo, k) be separable. Let 61, ..., 602,41 € ksep be the distinct roots of the polynomial F(z,1),
and for each o0 € Gy and i € {1,...,2n + 1}, let (i) € {1,...,2n + 1} be defined by 0,;) = o(6;).
Let Sp and Sp respectively denote the corresponding punctured affine surface and stacky curve
(which are now defined over k, as opposed to Z). In this section, we specialize the discussion of
descent in §6.1 to the case where T is equal to the Jacobian Pic?(Sr) of Sg (see §4). Notice that
Pic’(Sr) is a group of multiplicative type, because over Esep, it is isomorphic to a finite product of
copies of Z/27 and is thus diagonalizable. Consequently, we can apply (75) to Pic®(Sy)-torsors.

A Galois étale covering defined over k with Galois group isomorphic to Pic’(Sp) as G-
modules is called a 2-covering. Our strategy for describing the 2-coverings of S F is to describe the
2-coverings of Sr and pull back along the quotient map Sp — [Sr/Gy,] = Sp. We now briefly recall
the results of [BF05, §5], in which Bruin and Flynn explicitly construct all 2-coverings of Sp up
to isomorphism over k (see also [Bru02, §3]). Consider the projective space P2" with homogeneous
coordinates [Z : -+ : Zap41] such that G acts on Z; by 0 - Z; = Zs(iy- The distinguished covering
is defined to be the closed subscheme C' C IP%" cut out by the homogeneous ideal

1Y = ((0; = 0;)(Z = Z2) — (00— 0)(Z7 — Z37) i j. tm € {1,... . 2n+ 1}).
Let 7': C! — IP’,{T be the map defined by
0;72 — <9Z~Zj2

1 . . —
7 ([Z1 - Zopy1]) = 77— ZJZ
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for any distinct 4, j € {1,...,2n+1}. For each class § € H'(Gy, Pic’(8r)), the twist of 7': C! — Pi
by & is given explicitly as follows. By [BG13, last paragraphs of §4.2 and §5.1], H'(Gg, Pic’(SF))
can be identified with (K /K $*)x=1, S0 we may think of § as being an element of (K /K 5*)n=1.

Let (d1,...,02,11) be the image of § under the map K /K3 — ((ksep)X/(l<:sep)X2)2n+1 given by
taking the product of the distinct embeddings of each field component of Kz into ksp. Then the
twist of C'! by ¢ is the closed subscheme C° C ]P’in cut out by the homogeneous ideal

I° = ((0: — 0;) (0027 — 6mZ2) — (00 — 0m) (8: 27 — 6;Z7) i, 6,m € {1,... . 2n + 1}),
and the twist of 71: C! — }P’/,lC is the map 7°: €9 — }P’/,lC defined by

0;6: 27 — 0:0; 73
Y A

71'6([Z1 Dot Zopg]) =

for any distinct 7,5 € {1,...,2n + 1}. The following theorem enumerates the basic properties of
the maps ©0: C% — IP’,lﬂ:

Theorem 34 ([BF05, Lemma 5.10] and [Bru02, §3.1]). With notation as above, we have:

a) For eac € N=1, the scheme Cs 1s a smooth, geometrically irreducible, projective
F hde (Ky KR he scheme Cj i h ically irreducibl jecti
curve of genus n - 221 —3.22=2 1 1.
(b) The action of Gy, leaves both I% and 7° invariant, so the map 70: C% — IP’,IC is defined over k;
c e map ©° s a covering map with Galois group generated by the automorphisms ;: —
Th ) j ith Galoi d by th hi co— (C?
defined by Z; — —Z; for each i € {1,...,2n+1}; and
e have that degm® = , that #(7°)"*(0;) = 4, and that #(7°)" () = or eac
d) We h hat d 0 = 921 4p N=1(p 22n—1 d th 0)—1 22n h
o€ Pllg(ksep) N {(91, ce 702n+1}-

We now demonstrate that the map 7 can actually be thought of as a 2-covering 7 : C? — Sp.

Proposition 35. For any § € (K; /K;Q)Nzl, the map 7 factors through the coarse moduli map
S — Pl to give a 2-covering 0 00— Sp.

Proof. Recall that a finite étale cover of Sg is the pullback via S — IP’,IC of a finite cover of its
coarse moduli space ]P’,{, that is ramified with ramification index 2 at every point in the preimage of
0; € ]P’,lc(k‘sep) for each i (to account for the fact that S has a %—point at each ;) and unramified
everywhere else. It follows from part (d) of Theorem 34 that the branch locus of the map 70 consists
precisely of the points 6; and that each point in (7%)~!(6;) has ramification index 2. Thus, the map
70 factors through the stacky curve Sg, giving an étale map 7°: C° — Sp.

By parts (b) and (c) of Theorem 34, to prove that 70 is a 2-covering of S over k, it suffices to
show that the group generated by the automorphisms 7; is isomorphic to Pic” (Sr) as Gi-modules.
Let J denote the Jacobian of the monic odd-degree hyperelliptic curve y? = Fon(z,1). We claim
that the map 7 +— (6; — 00) € J[2|(ksep) defines a Gj-equivariant isomorphism of groups. To see
why this claim holds, note that the group generated by the automorphisms 7; is isomorphic to

2n+1
(Z/QZ)<T1,...,T2n+1>/ ( H T = 1)

and the action of o € Gy, on 7; is given by o - 7; = 7,-1(;), because the action of o on Z; is defined
to be 0(Z;) = Zs(i)- On the other hand, we have that

2n+1
T2 (ksep) = (Z/22)((61 — 00 ..., (B2 — o)) / (Z (6; - oo))

i=1
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and the action of o € Gy, on (f; — 00) is (6; —00) -0 = (07 - 0; — 0~ - 00) = (0,-1(;y — 00). Thus,
we have the claim. The proposition now follows from the fact that J[2] ~ Pic%(Sr) as G-modules
(see the proof of Proposition 7). O

Remark 36. Note that two coverings 7' : C% — Sp and 792 : €% — Sy are 1som0rphlc (as coverings
of Sr defined over k) if and only if §; and dy represent the same class in (K /K %)n=1.

Let (z0,y0,20) € Sp(k), and let § € K be the element associated to the point (xo, Yo, 20)
via the construction in §3. By (15), we have that

5= xo — Oz if yo # 0,
F(200,20) + (xo — 0z0) ifyo=0

where F is as in (11). With this notation, we have the following result, which tells us which
2-covering of Sr has the property that (zg, yo, 20) lies in the image of its k-rational points:

Lemma 37. We have that (xo,yo, 20) € ©/09(C00(k)) € Sp(k).

Proof. First suppose yo # 0. By construction, the point [1:1:---: 1] € C/0%(k) satisfies

. 0;(fo-6i) = 0:i(fo- ;) 05 folwo — bizo) — b; - fo(wo — b;20)
76 gfod(Mm:1:...:1]) = -2 1. — 2 J
(76) ( D fo-0i— fo-9; fo(zo — 0iz0) — fo(wo — 0520)

= [z0 : 20] € PL(k) = Sp(k).

Now suppose yg = 0. Then one readily checks that the calculation in (76) goes through by replacing
[1:1:---:1] with the point [0:1:1:---:1] € Co%(k). O

We have thus completed our description of the 2-coverings of Sp. The 2-coverings of Sp are
precisely the pullbacks of the coverings 7°: C% — Sp via the quotient map S r — Sf.

6.3. Proof of Theorem 2. Let F' € F,,11(fo) be irreducible, let § € (KF/K§2)N;1, and consider
the associated 2-covering 7°: C° — Sp over Q. We say that the 2-covering 7 is locally soluble if
for every place v of Q, there exists a point P, € Sp(Z,) such that the number 4, associated to P,
via (15) is such that fy - d, is equal to the image of § under the natural map (K /Kp?)n=1 —
(Kr®gQu)*/(Kr®gQy)*?)n=1. (Notice that in this situation, P, € 7°(C?(Q,)) by Lemma 37.)
Just as Bruin and Stoll did for hyperelliptic curves in [BS09, §2], we define the fake 2-Selmer set
Sel? 1o (Sr) C (K5 /K?*)N=1 to be the set of locally soluble 2-coverings of Sg.

We claim that each element 6 € Sel2, (Sp) gives rise to an orbit of G(Z) on V(Z), the
associated G(Q)-orbit of which is represented by the class § € (K3 /K;*)n=1. For each place
v, let P, € Sp(Z,) N 7°(C%(Q,)). Then via the construction in §3, P, naturally gives rise to
an orbit of G(Z,) on V(Z,), the associated G(Q,)-orbit of which is represented by the class § €
(Kr ®g Qy)*/(Kr ®g Qy)*?)n=1. Since the algebraic group G has class number equal to 1, and
since the orbit of G(Q,) on V(Q,) associated to § has a representative over Z, for every place v, it
follows that the orbit of G(Q) on V(Q) has representative over Z. Thus, we have the claim.

In the next lemma, we relate the fake 2-Selmer set to the Brauer—-Manin obstruction:

Lemma 38. If Sel?, (Sr) = @, then Sr has a Brauer-Manin obstruction to having a Z-point.

Proof. Let m: C' — gp@ be any 2-covering. We have by (72), (73), (74), and (75) that

Sp(Ag)®" C Sr(Ag)™ N Spg(Ag)” <H Sr(Z ) U ©°(C°(Ag))
S€H1(Gg,Pic®(Sr)(Q))

c U (A,

6eself2'akc (SF)
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and clearly the last union above is empty if Sel?, .(Sf) = @. O

In proving Theorem 1, we imposed local conditions on V' (Z) to sieve to the orbits that arise
from local points at each place. By definition, the exact same local conditions define orbits that
arise from elements of fake 2-Selmer sets. Moreover, if F' € Fo,11(fo) \ F3,,1(fo0), Theorem 14
implies that the distinguished covering is not everywhere locally soluble. Thus, by the argument
in §5, we have the following result:

Theorem 39. The upper density of forms F &€ GJanJ,_l(fo) such that Sel?, . (Sp) # @ is at most
tfy +0(27™) when 21 fo and at most pyg, + O(275"?) for some 1,69 > 0 when 2 | fo.

To prove Theorem 2, it remains to determine how often it is that the stacky curves Sg have
integral points everywhere locally. We do so as follows:

Lemma 40. The density of forms F € Fani1(fo) such that Sp(Z,) # & for every place v is at
least (s +O(272").

Proof. By (1), we always have Sp(R) # @. If there is no prime p | k such that F(zg,z20) = 0
for every [zo : 2] € PY(Z/pZ), then for any prime p | k, there exists a pair (xg,z29) € Z? such
that ged(zo, 20) = ged(F(wo, 20),p) = 1, s0 (2o - F(x0, 20), F (20, 20)" ", 20 - F(0, 20)) € Sp(Zyp).
On the other hand, if p | k and the mod-p reduction of F' has a simple zero at some point of

PY(Z/pZ), then Sg has a Weierstrass point over Z, and is thus soluble. Moreover, for any prime
nt1

p such that p { k but p | fo, we have (k, fo
(f07 n+17 ) < SF( )

If p | k, the p-adic density of forms F' € Fo,41(fo) such that the mod-p reduction of F' has
a zero of multiplicity greater than 1 at each point of PY(Z/pZ) is p=2~1 if 2p+ 2 < 2n + 1 and
p~2n~! otherwise. Thus, the density of forms F' € Fay, 1(fo) such that Sg(Z,) # @ for every place
v is at least [, (1 — p =t p7in—ly = Wy, + 0(272n). O

,0) € 8p(Zy), and for any prime p { fy, we have

It follows from Theorem 39 and Lemma 40 that for all sufficiently large n, a positive propor-
tion of F' € Fo,11(fo) are such that Sel?, (Sr) = @ and Sp(Z,) # @ for every place v. Indeed,

(1= i) + (i, +0(272)) = H+H( et ) +027),

plk

which is clearly greater than 1 for every sufficiently large n. Theorem 2 now follows from Lemma 38.
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